SPATTIAL STABILITY OF A LIQUID FILM ON A ROTATING DISK
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One of the major assumptions made in the study of stability of viscous liquid layers is
that of the parallel nature of the basic motion. This is true with reference to both bound-
ary layers [1, 2] and thin 1liquid layers [2-4]. Such an assumption-makes it possible to use
basic flow parameters in the perturbed motion equations which are dependent on transverse co-
ordinate only. At the present time there is much interest in the spatial nature of the flow
in stability studies. This is true most of all with reference to boundary layers [5], where
the main flow is weakly dependent on longitudinal coordinate (for a planar plate the param-
eters depend on Re~'/?x*/2), TFor a film on a rotating disk the velocity depends on x'/®
Although the exponent of x is lower than in a boundary layer, we have no small parameter
Re~*/? here, so that this is a more intense dependence. The present study will analyze spa-
tial stability within the framework of linear theory. The asymptotic method developed in
[6] will be used to obtain a solution.

We write the fundamental equations in the cylindrical coordinate system of [1]:

uldt -+ uduldr + vduldz — wr = —aplpdr + v(0%u/ar® -+ ulrdr — ulr® - §*uldz?),

Ov/dt + udv/or + vov/dz = —aplpdz - v(@*vlar* + dvirdr - 8*v/07%),
owlot + udwldr + vow!oz - uwlr = v(0*w/or 4 ow/ror — wirt 4- 9*wlaz?),
ouldr 4 ulr + dv/dz = 0.

Here r lies in the radial plane and z is perpendicular thereto; u, v, and w are the radial,
axial, and tangential velocity components; p is pressure; Vv, kinematic viscosity; and p,
density. Terms dependent on angle 8 are omitted from these equations, since, in the future,
we will assume that neither the basicnor perturbed flows are dependent thereon.

The boundary conditions for these equations are those on the disk and on the free sur-
face

w=09r, u=0, v=0 (z=0),
v = 8a/0t + udal/dr (z = a)

0 g @ da
Pny = Pon = pa —r' (3_. 0_'

where @ is the film thickness; pp¢, stress tangent to the film surface; pppn, normal stress;
o, surface tension; , angular velocity. To study stability within the framework of the
linear model, we represent all flow parameters in the form

u= W, + us), v=W, +v5), w=Ww, + ws), a = aly + 8,

where W is the scale velocity; uy, Vy, and Wy, corresponding components of the unperturbed
velocity; ug, v§, and w§, corresponding perturbed-velocity componentss o, linear scale fac-
tor; y, relative thickness of the unperturbed filmj; §, amplitude of the surface perturbation,
referenced to qo.

We will carry the examination further using the variables

E=rlay, n=1z2la, 1= iVé/aﬂ.

The problem of flow of a film on a rotating disk has been considered in [2, 4, 7-9]. 1In
{2, 4, 7] asymptotic solutions were obtained, based on various approaches to the problem. 1In
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[8, 9] numerical calculations of the flow were carried out, with the solution of [8] con-
sidering the initial film profile. 1In the present case we will use the following asymptotic
representation of the film parameters at large &:
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Analysis of these expressions and comparison to experimental and numerical results has shown

o

[10] that Eq. (1) is usable up to r/l = 1.5, where 1::<;9:§E)L4 and Q is the volume flow
a- B4

7

rate. From the condition of conservation of mass and the boundary condition on the disk, we
can define the scale factors

1/5

ay = ( 3 VQ) . W=aq,Q. (2)

2n ?

We will now consider the equations of the perturbed flow. Within the framework of linear
stability theory, we write the equations of the perturbed flow and the boundary conditions:
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ug =0, vy =0, ws=0 (n=0), (4)
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where § = 98/dt; &' = 96/3%; y' = dy/dE; We™ = o/(pa,W?).

It is evident from Eqs. (3) and (4) that at § = 0 we have a trivial solution of the sys-
tem. As in spatial stability theory we will specify perturbations of the free surface in the
form § = elWT§(£), where w is the frequency of the oscillations, so that all defined param-
eters take on the form

Lo = 0" Eéy L = {us, Vs, Ws, Pa}-
After substitution of these expressions in Eqs. (1) and (2), we obtain a problem of eigen-
values and eigenfunctions.

To find the solutions we represent the defined quantities as (we omit the bar above fg
" for simplicity)
8 ~ Emexp li(yE" + ..)1, us ~ Erexp Li(yE + ..)],

5)
vs ~ Erexp [iyE + .01, po ~ ErexpliyE* + ...)]. (
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The terms of highest order in & are shown in Eq. (5). The definitions of m, p, r, s, and k
are based on the requirement of regularity of the expansions and the condition that y is an
eigenvalue, i.e., vy = y(w). Maintaining the first three terms in the kinematic equation on
the film surface, from the equation of conservation of mass and the last condition of Eq. (4)
we findm=r=p—"/s, s=p+ /s, k="%/5. Thus, the solutions of Eq. (3) may be written
in the form

6 = figp—4/3x,

Uy = ALy + EPuy + E U, + L),

Vg =— Agp-1/3(vo + §—2/3l71 + 2_4/302 + -")Xa

Py = AEPHB(py 4 E723p + E74%p, + L),

wy = ALPT4Bw, + E7BPw, + EYw, + L)Y,

¥y = exp [i(poE3 + p,E¥3 ++ v,6723 + )],

(6)

where Y3 and p are wave numbers. To determine the flow stability it is now necessary to de-
fine v; and p from the equations and boundary conditions developed so far. Substituting Eq.
(6) in Eq. (3) and boundary conditions (4), we obtain a chain of equations for determination

of the eigenfunctions. Omitting the cumbersome intermediate steps, we will present the ex-
pressions obtained for p and K

7o=—13332, v, = 3.5567; + i1.5807;We ™", (7

p=—0.333 + (0,237 —0.593 FI: ”) Re? 2 — 9.730y8 We ™ + i (4.916v] — 3.330y; We™?),

2
e
Y2 = 0.7247) We™" — 0,439y; Re? We ™! — 5.161y] + 2.770y5Fr™* We™* +

+ 54,7467 We™2 — [3.160 (0.038 + 1.067 %11) ViRe? + 0.494y% + 51,885y5 We ™ — 14.468y)° We_s].
e .

To determine the wave numbers (7) only the first terms of Eq. (1) were used. In order to
include the second terms of Eq. (1) it is necessary to consider approximations which require

a great deal of effort to determine, so, in order to consider the second terms of Eq. (1) only
those portions of ys; and v, were found which are directly related to these terms. As a re-
sult, we have the following equations to complement Eq. (7):

Vs = — 1.282Re?y,, v,= — 2,339 Re?y) — i 3.320ys Re> We™ ™.
Thus, the propagation of surface perturbations can be described by the equations

5 .
— =expli(oT+ £;) + f.], (8)

/ 2/ 5 ' —1 _
fi= 08" + 3.556v08™* + (4,916v) — 3.330y] We ) InE + {0.724«;3 We ™' — 1,778 (0,247 — 1.580 Iifie—) Yo Re? We™t —
— 546197 + 54.7467] we-ﬂ E723 1,282 Re? p,£ % — 2,339 Re? 3572,

Fr—1
Re?

fr = — 1,580pF We g% 4 [1.778 (0.133 — 0,333 )vi Re? — 9.73978 We‘l] Ing + [3,160 (o,ogg 1 1.067 1%2) %
€

vERe? 4+ 0,494y + 51.88575 We ™ — 14,4687y We_3] £7%% 1 3.3207) Re> We ™1 763,

It follows from Eq. (8) that perturbations can propagate only in the direction of increasing
£, which has been confirmed by experiment [10]. If we now differentiate the imaginary com-
ponent of the exponent with respect to T, we obtain the dimensionless phase velocity

Cp=— o {1.333\,0 We L E3 1 2.37043E 3 1 (4.91693

— 3,330y We™2) £ — 0,667 [0.72@3 We™! — (0,247 — 1.580 F};“_:) X
€

% 1.778y; Re* We ™ — 5.164y] + 54,746y, We—2] 7% + 1.709Re*y, 577 + 4,678v; Re? 5—9/3}*1,
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Fig. 1

whence it is evident that c¢ has a minimum at some yo. The function fr indicates the change
in perturbation amplitude. At fr > O the perturbations increase with increase in £, while
for fy < 0 they decrease. For the case Re? <« (5/2)Fr~*, fr decreases with increasing £ for
all wavelengths, i.e., in this case the film flow is absolutely stable. For Re? > (5/2)Fr—*
the quantity fy depends on wavelength. When short-wavelength perturbations develop, as they
propagate at some distance £ the first term in f, begins to have an effect and these pertur-
bations damp out., The smaller vy,, the greater the distance from the center of the disk to
which the corresponding perturbations propagate. An increase in perturbations leads to the
appearance of waves on the film surface. Wave motion of a film on a disk was studied experi-
mentally in [10-12]. It was shown in [12] that waves on the film surface appear at some dis-
tance

Lip = (@I Qi) 2,

The further behavior of the waves depends on the flow rate supplied and the angular vel-
ocity of the disk. It was demonstrated numerically in [9] that at some liquid flow rate
"flooding" of the liquid sets in. The maximum flow rate at which "flooding" of the liquid
sets in at a distance equal to the disk radius is given by the expression

Q —_ 1’95(3291/24“1/2‘

It is interesting that if we replace the disk radius by the current radius corresponding to
the amount of "flooding," we obtain a value close to Lip of [12]:

R, = (Q/(1.9mv' 2QU2)12,

In the present case we cannot describe the development andpropagation of perturbations in
this region since Lyp < 7, and the asymptotic expansion of Eq. (1), as was indicated above,
is valid for r/l > 1.5. However, with the aid of Eq. (8) we can obtain the characteristics
of surface waves, in particular the wave number o = 21§/X. As is evident from the last ex-
pression of Eq. (8), fy has a maximum at some value yo. This corresponds to the most rapidly
increasing perturbations. Figure 1, taken from [10], shows curves of wave numbers calculated
for the following perturbations: curve 1) Re = 47.537, We~' = 88.868; 2) Re = 65.560, We~' =
24.542; 3) Re = 75.303, We™' = 14.096; the points I are for v¥ = 1, o* = 0.83; II) v¥ = 1,

o* = 0,96; III) v* = 2.6, o* = 0.85 (v* and o* are the kinematic viscosity and liquid surface
tension coefficients referenced to the corresponding quantities for distilled water).

The straight line corresponds to the most rapidly increasing perturbations in f£ilms on
a vertical surface. The abscissa indicates local Weber numbers We™'p = 9We~'Re~2c“/®, 1t is
evident from Fig. 1 that wave numbers decrease with increase in Weber number. At comstant
Re and We™! increase in the loeal Weber number We~'p is related to increase in £, while in-
crease in & causes the problem of film flow on the disk to coincide with that of film flow
on a wall [2]. Hence it follows that with increase in &£ the wave numbers approach those of
a film flowing on a wall.
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SPATTAL DISTORTION OF MEAN BOUNDARY LAYER BY NATURAL OSCILLATIONS

N. A. Zheltukhin and N. M. Terekhova UDC 532.526

1. One of the stages in the nonlinear growth of disturbances in the transition region
of an incompressible boundary layer on a flat plate is the generation and subsequent growth
of three-dimensional oscillating field as a result of which disturbances are found to have
clearly defined spatial structure with alternating maxima (crests or peaks) and minima (val-
leys) of amplitudes in the transverse direction (along z axis). Reasons for the appearance
of such natural wave structure have not yet been explained conclusively. One of them could
be the interaction of the initial finite amplitude plane disturbances with small, local, spa-
tial nonuniformities in the mean flow, which leads to the generation of a pair of oblique
Tollmien—Schlichting waves [1]. Natural weak disturbances in the leading edge region can al-
so be the source of subsequent real wave fields.

Subsequent triple-wave resonant interaction in the nonlinear growth region of plane
waves lead to the amplification of three-dimensional components [2, 3]. Thus, it was shown
in [4] that on attaining the threshold amplitudes kg ~ 0.007 there is a strong growth of
oblique waves so that the characteristic disturbance field of the boundary layer takes the
form of an additive field of Tollmien—Schlichting waves:

u' (z, Y, 3, ) = nqug (¥) e 1 21y ) 6“2 cos Bz, 1.1
vz, Y, 2, 1) = g vg (¥) o™ 4 2.0, (») e cos Bz,

w' (z, ¥, 2, 1) = 2%,0w, () %2 sin Bz,

where Q; = ia;(x — Cyt), Q2 = iaa(x — Cat). The inclination of oblique waves to the plane
flow is determined as 6 = arctan B/a. The presence of such characteristic disturbances leads
to a qualitative change in the structure of the mean flow, viz., minimum values of mean veloc-
ity at crests and maximum values at valleys are observed. This is interpreted as the appear-
ance of a system of localized streamwise vortices in the boundary layer which are periodic
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